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Introduction
1 temperature, pH, heavy metals concentration, radioactivity, . . .), all of them giving indication of the water quality. To avoid sanitary problems, it is necessary to main-23 tain a minimum or a maximum level of the parameter in each of the areas to be protected: fisheries, bathing zones, marine recreation areas and so on.
25
We have recently studied, from both the theoretical and the numerical points of view, two related optimal control problem where the aim is to determine the 27 optimal level of the discharges and the optimal location of wastewater outfalls in order to minimize the global purification cost and to maintain the water quality 29 standards (see Martínez et al. 15, 16 and Alvarez-Vázquez et al. 4, 5 ). The optimal control theory allows us to design a wastewater treatment system in order to control 31 marine pollution in any open area of shallow waters.
However, there exist many closed areas (for instance, enclosed bays) which 33 present a serious quality problem caused by domestic and/or industrial contaminants, due to the insufficient seawater exchange. In these areas where the ability 35 of natural purification is very weak, it is necessary to consider a new technique in order to purify polluted waters: the most common strategy consists of promoting 37 seawater exchange by the injection of clear water from the outer sea. This strategy presents a high efficiency to purify polluted closed areas in a short period of time.
39
In this process of water conveyance the main problem consists, once the injection point is selected by geophysical reasons, of finding the minimum quantity of water 41 which is needed to be injected into the closed area in order to purify it up to a fixed threshold. The aim of this paper is to determine this minimal quantity of injected
43
The Water Conveyance Problem 3 water in order to ensure that the contaminant concentration in the protected areas 1 is lower than fixed thresholds. Mathematically, this is a parabolic optimal control problem with control constraints.
3
In Sec. 2 we present the mathematical formulation of the continuous control problem, giving a detailed description and justification of the state system, the cost 5 function and the set of admissible controls. The next section is devoted to the study of the state system, specially to the weak formulation of the problem which will be 7 basic in further theoretical and numerical developments. Section 4 is devoted to the existence of optimal solutions for the control problem, and the derivation of formal 9 optimality conditions in order to characterize them. In Sec. 5 we deal with the discretization of the optimal control problem by means of a characteristics-mixed 11 finite elements method, obtaining the discrete adjoint system and the gradient of the approximated cost function. In Sec. 6 we present an alternative approach:
13 the use of the discretized adjoint system for obtaining another approximation of the cost gradient. Section 7 is devoted to the numerical resolution of a realistic 15 problem, where the optimization method (a limited-memory BFGS algorithm for bound constrained problems) is introduced and computational results are provided.
17
Final conclusions are presented in last section.
The Mathematical Model

19
We consider a domain Ω ⊂ R 2 occupied by shallow waters, for instance a ría (estuary), a bay or a lake, and we assume that the contaminants are dumped into 21 the domain Ω through L submarine outfalls, each of them located at a point b j in Ω and connected to a sewage farm which discharges an amount m j (t), j = 1, . . . , L.
23
Moreover, we assume the existence of a highly polluted area A ⊂ Ω (for example, an enclosed bay) where the seawater exchange is poor, and we need to maintain the 25 water quality in that area with levels of pollution lower than the previously fixed value c.
27
In order to purify the region A we inject clear water through a portion Γ − of the boundary of Ω. We divide the remainder of the boundary of Ω into two parts:
29 Γ 0 (corresponding to the coast) and Γ + (corresponding to open sea) in such a way that
We denote by H(x, t), u(x, t) and ρ(x, t), respectively, the 31 height of water, the depth-averaged horizontal velocity of water and the depthaveraged contaminant concentration at any point x ∈ Ω and any time t ∈
33
(0, T ). The evolution of H, u and ρ along Ω × (0, T ) is obtained as the solution of the boundary value problem coupling the shallow water equations with the 35 convection-diffusion-reaction equation for the contaminant concentration:
in Ω,
mass flow rate of BOD to be discharged in b j , n denotes the unit outer normal vector to boundary ∂Ω, and the second member
collects all the effects due to bottom slope H 0 , atmospheric pressure P a , wind stress τ w depending on wind velocity, bottom friction τ b depending on the Chezy 5 coefficient, and Coriolis effect. We also assume that all the physical parameters are experimentally known: ν the coefficient of kinetic eddy viscosity, g the grav-7 ity acceleration, β the horizontal viscosity coefficient and k a kinetic parameter related to temperature. The main point in this system corresponds to the diffusion 9 term in the shallow water equations: momentum diffusion is usually modelled (at first step, at least) by the Laplace operator ν∆u. The effect of this term on the 11 structure of the solution is usually small. The reason for including it is sometimes non-physical, 17 and it is related to the stability of the computational methods. In Since we need to inject water through Γ − we are led to consider only the admissible velocities in the set:
2)
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We formulate the control problem considering as the cost functional the total amount of clear water injected through Γ − together with a measure in the region A of the contaminant concentration which remains higher than the fixed threshold c. Thus, we define the cost function:
where γ and ε are two weight parameters, and (ρ − c) + denotes the positive part
Then the problem, denoted by (P), of the optimal water conveyance for the purification of polluted areas consists of finding the control velocity q ∈ U ad of injected clear water in such a way that, verifying the state system (2.1), minimizes the cost function J given by (2.3). Thus, the problem can be written as:
The State System
3
The theory regarding existence, uniqueness and regularity for solutions to shallow water equations is still incomplete and will not be discussed here: there exist For our study we will need a suitable weak formulation of the state system (2.1). So, we consider the functional spaces
All along this work we will use extensively the method of characteristics, which stems from considering the following equality:
where
Dy
Dt denotes the total derivative of function y with respect to t and u, i.e.
with τ → X(x, t; τ ) the characteristic line, providing the position at time τ of the 9
particle that occupied the position x at time t. So, the characteristic line is the unique solution of the following ordinary differential equation:
Thus, the state system (2.1) can be written is the equivalent form
with the same set of boundary and initial conditions as in Eq. (2.1), and where, for the sake of simplicity, we note the measure
We say that (H, u, ρ) is a weak solution of (3.4) if it satisfies
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and, in the sense of distributions on (0, T ),
This weak formulation will be the basis for the numerical approximations developed 1 in the following sections.
The Optimal Control Problem 3
The question regarding the existence of solution for problem (P) is still an open problem and will not be discussed here. The problem is non-convex because of the 5 nonlinearity of the state system, so uniqueness of solution is not expected. We will focus our attention on obtaining a formal first-order optimality condi-7 tion satisfied by the solutions of problem (P). In order to express this necessary optimality condition in a simpler way we introduce, using the classical techniques, the functions (p, w, s) solutions of the adjoint system:
where τ denotes the unit tangent vector to boundary ∂Ω, and χ A is the indicator 1 function of the set A, that is,
0, otherwise.
3
Remark 4.1. We must note that the first two boundary conditions for w on Γ − × (0, T ), i.e. w · n = 0 and qw · τ = 0, involve the condition qw = 0, and are 5 equivalent, whenever q = 0, to the homogeneous Dirichlet condition:
Now, assuming the solvability of the state system (2.1) and the adjoint system (4.1), we have the following result whose detailed proof can be seen in Appendix A: 9 Theorem 4.1. Let q ∈ U ad be a solution of the control problem (P). Then, there exist (H, u, ρ) solutions of the state system (2.1) and (p, w, s) solutions of the adjoint system (4.1), such that it verify the relation:
The Discretized Problem
Now we introduce discretizations of the state system and the cost function: a char-11 acteristic scheme for time discretization and a mixed finite element method for spatial approximation. We must remark that no discretization is introduced for the 13 adjoint system and the cost gradient. In fact, once the discretizations for state and cost are chosen, this yields a unique discrete adjoint equation which gives us an 15 expression for the exact gradient of the discretized cost function. In order to discretize the state system (3.4) in time we use a first-order scheme. For the time interval [0, T ] we choose N ∈ N, we consider the time step ∆t = T N and define t n = n∆t, n = 0, 1, . . . , N. If we denote
then the total derivative of any function y(x, t) at instant t n+1 can be approxi-17 mated by:
where y n stands for the approximation given by y n (x) = y(x, t n ). We will denote by y ∆t = (y 1 , . . . , y N ). Then, the state system can be approximated by
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for n = 0, . . . , N − 1 : For spatial approximation of this semi-discretized problem we will use a mixed finite element method. As usual, we consider τ h a regular finite element triangula-5 tion of Ω (which will be assumed to be a polygonal domain of R 2 from now on), where h is the discretization parameter corresponding to the maximal length of the 7 triangle edges in τ h .
Actually, we will use Raviart-Thomas 19 mixed finite elements for approximating the pair (H n+1 , u n+1 ) (that is, discontinuous piecewise constant (P 0 ) functions for the height H n+1 and special discontinuous vector-valued functions for the velocity u n+1 ), and continuous piecewise linear (P 1 ) polynomials for approximating the concentration ρ n+1 . That is, we approximate the functional spaces by the nonconforming finite element spaces:
Remark 5.2. For instance, if we restrict to the reference triangle with vertices 9 (0, 0), (1, 0) and (0, 1), the functions of V h will be in the three-dimensional vector space spanned by the functions v 1 (x 1 , x 2 ) = (
. For any other triangle K in τ h , the usual affine transformation is necessary.
13
We must recall that functions in V h are discontinuous, but their normal components are continuous and constant on the edges of the triangles. In fact, they are Then, we choose the following fully discrete approximation of the state system:
· n |Γ 0 = 0, and instance, by interpolation at the boundary nodes of the triangulation), and X n h is an approximation of X n computed by using the backward Euler scheme, i.e.
11
X n h (x) = x − ∆t u n h (x). We also choose the following approximation of the cost function:
Thus, the fully discrete control problem corresponding to (P) will be
In order to derive the discrete adjoint system and the gradient of the discrete cost 15 function we proceed by perturbation analysis. Although integration by parts was used for obtaining the adjoint system (4.1), in the discrete case, partial summation
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After a tedious chain of computations, which can be seen in Appendix B, we can obtain the discrete adjoint system:
(5.5) and derive an expression for the exact gradient of the discrete cost function, which strongly depends on our choices in the discretization processes: 6. An Alternative Approach 3 We will present now an alternative scheme consisting of the discretized (not the discrete) adjoint system. The adjoint system (4.1) was previously obtained in Sec. 4
5 by means of integration by parts techniques. This adjoint system can be written, by using the total derivative, in the following equivalent way:
with the same set of boundary and initial conditions as in Eq. (4.1).
9
We say that (p, w, s) is a weak solution to (6.1) if it satisfies
For the time discretization we recall the definition of the time step ∆t = T N and the discrete instants t n = n∆t, n = 0, 1, . . . , N. If we denote
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i.e. the position, at time t n+1 , of the particle that was in x at the instant t n , then 1 the total derivative of any function y at instant t n can be approximated by:
In this way, the adjoint system can be approximated by
For spatial approximation of this semi-discretized problem we will use a mixed finite element method similar to previous section: we will use discontinuous piece-5 wise constant functions for approximating p n , and discontinuous piecewise linear polynomials for approximating w n and s n , the nodes being the midpoints of edges. Thus, we choose the fully discretized approximation of the adjoint system:
is an approximation of Y n+1 computed by using the forward Euler scheme, i.e.
Finally, taking into account the expression obtained in Theorem 4.1 for the
we can obtain this alternative approximation of the gradient of the exact cost function:
Remark 6.1. At first glance, it might not be obvious that the expressions (5.6) and (6.5) are approximations of the same gradient. In order to show that this is indeed 9 the case we must note that the discretized gradient (6.5) only involves integrals over the boundary Γ − of functions corresponding to normal components, while the 11 discrete gradient (5.6) involves integrals over the whole domain Ω of functions that are null except in a small neighborhood of that boundary and whose normal com-13 ponents on Γ − are exactly the ones considered in the alternative expression (6.5).
Numerical Results
15
In order to solve the discrete control problem (P ∆t h ) we will use a limited-memory BFGS algorithm for bound constrained optimization problems. By numerical reasons, we will solve the following equivalent problem, where we have included an
The Water Conveyance Problem 15 additional lower bound (actually related to technological constraints on the velocity of injected clear water, which may not surpass a critical threshold):
for Q large enough.
1
If we consider a m , m = 1, . . . , M, the nodes of the triangulation τ h lying on the boundary Γ − , and we denote by
, the discrete control problem can be written in the form:
for the new cost functionĴ
The algorithm can be easily summarized in the following way: starting from an initial admissible vector Q ∆t h (0), we construct a sequence of iterates Q ∆t h (k+1), k = 0, 1, 2, . . . , by the recursive formula: shows the optimal normal velocity achieved by the algorithm. Figure 3 shows a (no control) situation, remains lower than that value in the whole region A for the optimal (controlled) case. 
Conclusions
In this work the authors have formulated, analyzed and solved an optimal control 9 problem related to water conveyance, mainly, the purification of polluted areas of shallow water by the injection of clear water through a small portion of the bound-11 ary. Once the physical problem is mathematically well-posed, a formal optimality condition is obtained for the characterization of its solutions. A limited-memory
13
BFGS algorithm for bound constrained optimization problems is proposed for the numerical resolution, where the gradient of the cost function can be computed by 15 two alternative methods: the discrete adjoint system (Sec. 5) or the the discretized adjoint system (Sec. 6). Finally, the good performance of the algorithm is confirmed Since q is solution of the minimization problem (P), the following inequality holds:
Let (H, u, ρ) be the state corresponding to the optimal control, then we have:
is given by the linearized system:
Thus, we have:
The Water Conveyance Problem 19 Taking into account that {n, τ } is an orthonormal basis of R 2 , and that, consequently, each vector v ∈ R 2 can be written as:
we have that 
